











HOMOGENOUS 
SECOND ORDER ODE 





Summary 


¢ Homogenous Second order ODE with constant 
coefficient is solved by auxiliary equation 
(characteristic equation). 


¢ Asecond solution (y.) of Homogenous Second 
order DE with non-constant coefficient can be 
solved by reduction of order; provided that a solution 
(y,) is firstly Known. 


Homogenous 2° Order DE with constant coefficient 


The general form of the second order differential equation with constant 


coefficients is 


2 
: : py cy=QO(x) = ay''+by'+cy = Q(t) 
dt dt 





Gi 


For the homogenous second order differential equation is 


= ay''+by'+cy = 0 





With a, b and c are constants. 


Homogenous 2nd Order DE with constant coefficient 


The equation: 
am? +bm +c=0 


is called the Auxiliary Equation (A.E.) or Characteristic Equation. 


The general solution of the differential equation depends on the 
solution of the A.E. To find the general solution, we must determine the 
roots of the A.E. The roots of the A.E. are given by the well-known 
quadratic formula: 


7 —~b+b° —4ac 


ABC Formula > m= 
| 2a 


Summary of general solution for homogenous 2"? order DE with 
constant coefficient: 


Roots of AE. 


Real distinct roots: m; and mz : -~4ac>0 | y=Ae™ +Beé” 


om Real repeated roots: m y=e"(A+ Bp) 


ou conjugate roots: 
=a+t JO 
M2= 1 — JO 


b’—4ac<0 | y=e%(Acosat +Bsina) 





Example 
Solve the following difterential equations 








d*y _dy 
1. ——5—+4y=0 
ax” ax 
2. lO as 
ax dy 
3. yt4y=0 
Solution 
d°y _dy 
1. ——5—+4y=0 
ax” ax 


Writing this equation in the form of characteristic equation, we know that. 
m> —5m+4=0 
We get > 5° —4ac > 0, so the roots are real and distinct: (72 —4)0n —1)=0 


The roots are m, =lm, =4 


The general solution 1s: y = de* + Be™ 


Example: 


Solve the following initial value problem 


y t+lly+24y=0 ¥{ 0) =) y'( 0) __7 
Solution 
The characteristic equation 1s 


y +1ir+24=0 
(7 +8)(r+3)=0 


Its roots are r; = - & and r; = -3 and so the general solution and its derivative 1s. 


y(t)=qe™ +e,e" 


y'(t)=—8¢e™ —3c,e~” 


Now, plug in the initial conditions to get the following system of equations. 
0=y(0)=c,+¢, 
“T= y (0)=—8e, — 3¢, 


Solving this system gives c, =+ and c, =—+. The actual solution to the differential equation is 


4 


then 


Example 2: 


y"-8y'+17y=0 y(0)=-4 y'(0)=-1 


Example 3: 


y'-4y'+4y =0 y(0)=12)—y'(0)=-3 


y'-8y'+17y= y(O)=-4 y'(0)=-1 


Solution 
The characteristic equation this time 1s. 


r? —8r+17=0 


The roots of this are 7, =421. The general solution as well as its derivative is 
SA ea eels 2 a cial 
y(t)=ce° cos(t)+c,e™ sin (t 


y'(t)=4e¢e" cos(t)—ce” sin(t)+4ce,e" sin(t)+c,e" cos(r} 





Notice that this tume we will need the derivative from the start as we won t be having one of the 


terms drop out. Applying the iutial conditions gives the following system. 


—4= y| 0) = 


-1= y'(0)=4¢, +¢, 


Solving this system gives ¢, =—4 and ¢, =15. The actual solution to the [VP is then. 


y(t)=—4e™ cos(t)+15e” sin (r) 


y"-4y'+4y=0 — -y(0)=12—y'(0)=-3 


Solution 
The characteristic equation and its roots are. 


=i 


r—4r+4=(r—2) =0 Fy =2 


rs 


The general solution and its derivative are 
-_ Zi it 
yitj=ce +c,fe 


y'(t)=2ce"+c,e° +2c,re" 
Lt ] 1 i 


Don t forget to product rule the second term! Plugging in the initial conditions gives the 
following system. 


12=y(0)=¢ 


—3=y (0)=2e, +c, 


This system is easily solve to get c;) = 12 ande.=-2/. The actual solution to the [VP is then. 


REDUCTION OF ORDER 


We are now going to look at the solution for non-constant coefticient 
second order DE of the form: 


a(x) y''+b(x)y'+c(x)y = 0 


With a(x), b(x) and c(x) are now non-constants. 


In general, finding solutions to these kinds of DE can be much more 
difficult than finding solutions to constant coefficient differential 
equations. 

However, if we already know one solution to the differential equation 
we can use the method that is called reduction of order. 


Let's take a quick look at an example to see how this is done. 


Example: 
Find the general solution: 


2t* y''+ty'-3y = 0 given that y,(t) =f is a solution. 


Solution: 
Reduction of order requires that a solution already be known. Without this known solution we 


won't be able to do reduction order. We will then assume the second solution 1s: 


yO =Vv@)y, 


Thus, the second solution and the derivatives needed are: 


Plugging these into the DE gives: 
or | If y—2rev +r | +f —f“v+roV —3 ty — 0 


2tv"+(-441)v'+(4r7¢ —r 34" Jv =0 


2tv —3v =0 


We will solve this by making the following change of variable to reduce the order. 


Example: cont'd 
2tv'—3v'= 0 We change the variablesto W=V => Wav" 


Thus it becomes: 
2hw'—3w = 0 


We've managed to reduce a second order DE down to a first order DE. It 1s left for you to get the 
solution of this DE as: 


w(t)=er"” 


Then recall our change of variable: 


: 9 ey 
vew > wft)= | wat - [et ° dt = =ch +k 
For simplicity, We can write: 
v(t) — A ie +k => vy (t) 7 (ct? + kyr 7 ile + ke 


y, (2) + V5 (f) — 7! 4 tt” 4 io 


3/2 —l 
y=qt +e 


Then the general solution 15: V 


= 
WW 


REDUCTION OF ORDER 


Short method for reduction of order 


For the given ODE: 
y''+ p(x) y't+q(x)y =0 


where y, is known. Then y, can be determined by: Y, =VY, 


And v can be calculated by: 





Exercise 1: Find the general solution to 


given that y,(f)=f is a solution. 


] 


Exercise 2: 
It is known y =x is a solution of x*y”-3xy’+4y=0. 


Find its general solution: y=c ,y,+c5y>. 





Thank You 
To be continue... 





